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Chapter 1
Introduction
1.1 Structural behavior of pipe elbows and numerical simulation
Curved pipe segments are widely used in pipelines and industrial piping. 
Because of the importance for safeguarding their structural integrity, much research 
has been devoted to the study of their mechanical behavior. It is well-know that the 
behavior of a tubular member under bending loads is characterized by a significant 
distortion of the cross-section. This distortion, often referred to as "ovalization" or 
"Brazier" effect, makes the tube more flexible and produces additional stresses, 
which need to be considered in analysis and design (Brazier, 1927). This 
phenomenon is more pronounced in curved pipes, referred to as "elbows" (Von 
Karman, 1911). Regular beam elements are inadequate to predict such a behavior, 
whereas the use of shell elements is often computationally expensive. The need for 
simple and efficient simulation of mechanical behavior of curved pipes has 
motivated the development of special-purpose elements, referred to as "pipe" or 
"elbow" or "tube" elements, as alternatives to shell elements. Those elements have 
been shown to be quite effective for modeling pipelines, elbows and piping systems. 
Among other advantages of those elements over shell elements, "pipe" elements 
more convenient to apply boundary conditions and appropriate kinematic
1
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constraints. Furthermore, the results from tube elements are more easily 
interpreted, in terms of longitudinal bending or cross-sectional distortion.
1.2 Previous publications on ‘pipe’, ‘tube’ or ‘elbow’ elements
Stress analysis of elbows and curved pipes has been subject of numerous 
theoretical and experimental studies. The pioneer work by von Karman (1911) 
presented the first analytical work on pipe bends subjected to in-plane bending. The 
analysis was derived by superimposing pipe section ovalization on curved beam 
theory displacements. Von Karman's analysis was extended by Vigness (1943) for 
out-of-plane bending. Rodabaugh and George (1957) extended the above works, 
presenting a unifying approach for in-plane and out-of-plane elbow behavior, though 
the use of doubly-symmetric trigonometric functions. Furthermore Dodge and 
Moore (1972) proposed a simple approach for linear analysis of pipes bends based 
on the solution of Rodabaugh and George (1957), which is widely used in 
engineering design.
All the above theoretical analyses are limited because of the various 
assumptions and approximations made in formulation of the problem. Owing to 
limitations and difficulties in the foregoing analysis, it would be useful to employ a 
general approach that would be able to model pipe bends with different geometries, 
end constrains and various loading conditions. The finite element method represents 
a rigorous and general approach for the solution of elbow mechanics problems. 
Towards this purpose, special-purpose finite element formulations have been 
developed as alternatives to more rigorous shell element formulations. Bathe and 
Almeida (1980, 1982) presented a pipe elbow element that is simple and effective. 
The element was based on the classical von Karman solution of elbow bending, and 
uses a simplified version of linear ring theory for cross-sectional ovalization. The 
works of Bathe & Almeida were the first (a) to distinguish longitudinal (beam-type) 
deformation from cross-sectional ovalization and (b) to combine them in a simple 
and efficient manner. Note that ovalization was assumed to be in-plane (no-warping)
2
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and inextensional, whereas a series of trigonometric functions was employed to 
discretize in-plane displacements (radial and tangential).
Militello & Huespe (1988) proposed a further improvement of the above 
element considering including warping deformation, but keeping the inextensionality 
condition. Hermite polynomials were used to ensure inter-element continuity. In a 
more recent paper, Yan et al. (1999) have proposed an "enhanced pipe elbow 
element", which further improves the above concepts and capabilities. Their 
element allowed for warping deformation, and accounted for a certain degree of 
cross-sectional extentionality and for non-symmetric cross-sectional deformation. 
Moreover, Yan et al. (1999) considered the contribution of pressure on the stiffness 
matrix (i.e. the "pressure stiffness"). Their element was used for the limit plastic 
analysis of tubes, using a mathematical programming technique. Hibbit et al. (1999) 
presented an elbow element for the elastic and elastic-plastic analysis of initially 
straight and bent tubes under pressure and structural loads, incorporated in the 
finite element program Abaqus. The element is based on the Koiter - Sanders linear 
shell kinematics and on a discrete Kirchhoff concept, imposed through a penalty 
formulation. Cross-sectional warping is included and the corresponding deformation 
parameters are discretized through the use of trigonometric functions up to the 6th 
degree.
In addition to above analytical works, numerous experimental works have been 
reposted. Sobel and Newman (1980, 1986) and Dhalla (1987) reported experimental 
data of stress and strain around the elbow cross-section and along the pipe, on the 
elastic-plastic bending response of elbows, through a series of tests on 16-in 90 deg 
elbows (D/t=39 and R/r=3) under in-plane closing moments. The experimental 
results were compared with the numerical from simplified elbow elements. Gresnigt 
et al. (1985, 1986, 1996) reported test results on 30 deg and 60 deg elbows (R/r=6) 
under in-plane bending, and reported moment-curvature curves, variations of 
ovalization along the length. Those tests are examined in detail in the present work, 
and compared with numerical results. Hilsenkopf et al. (1988) conducted tests on
3
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thin-walled (D/t=89.5) stainless steel elbows and thick-walled (D/t=13.4) ferritic 
elbows under both in-plane and out-of-plane bending, in connection with their 
functional capability. In-plane bending experiments on 90 deg elbows were reported 
by Suzuki and Nasu (1989) and, more recently, by Tan et al. (2002). In both works, 
the test results were compared with finite element results.
1.3 Scope of present study
In the present study, the development of a family of continuum-type tube 
elements is described. The elements are aimed at providing simple and efficient 
stress analysis of pipes and elbows towards a reliable engineering design. A three- 
node version of the "tube element" was first developed by Karamanos and 
Tassoulas (1996) for the nonlinear analysis of relatively thick inelastic tubes. Later 
this element was employed for the buckling analysis of thin-walled elastic cylinders 
Herein, a family of such elements is developed and tested in standard benchmark 
problems, in terms of their accuracy and computational efficiency.
For each element of the proposed element family (2-node, 3-node, 4-node), a 
series of studies are conducted to determine its optimum behavior. The basic issues 
to be examined are the number of cross-sectional parameters and the number of 
integration points in the three directions within the pipe. Several benchmark 
problems are used towards this purpose. Comparisons are made with analytical 
solutions and shell-elements, in terms of the corresponding strain and stress 
distributions. Finally, a comparison with available experimental data from TNO, the 
Netherlands, is also conducted.
4
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Chapter 2
“Tube Element" Description
In this chapter, the background theory of this work is presented. A linear finite 
element technique is adopted, based on the Langrangian description of the tube as 
an linear elastically deforming continuum. The development of a family of "tube 
elements" is presented, which are able to predict accurately the deformation and 
stress stage in curved pipe segments. In an early paper a three-node version of this 
element, has been developed by Karamanos and Tassoulas (1996). The formulation 
adopts a linear elasticity formulation in curvilinear coordinates. Some basic concepts 
necessary for the development of theoretical formulation, as well as the numerical 
implementation of the formulation, are presented in the following.
2.1 Linear elasticity equations in curvilinear coordinates
The material behavior is described through a linear elastic material model for 
infinitesimal deformations. The fundamental problem of elasticity can be described 
by the three groups of the basic equations, namely kinematics, constitutive 
equations and equilibrium. Linear kinematic equations, relate the strain tensor to 
the symmetric part of the displacement vector gradient, and can be written as
E = symm[Vu] (2.1)
5
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where u is the vector of the displacements and Vuis the displacement gradient 
tensor. The constitutive equations
σ = [©]ε (2.2)
where [®1 is the fourth order elastic rigidity tensor and σ is the stress tensor. 
Finally the equilibrium equations
i//v(ff) + pb = 0 (2.3)
relate the stresses σ with the forces per unit volume b and p is the density.
The tube is described as isotropic elastic continuum using curvilinear 
coordinates. These coordinates are denoted by ξ' (i =1,2,3), where gk are the 
covariant base vectors and g^are the contravariant base vectors, the above 
kinematic equations can be rewritten as
£ki ~ 2 (W|t// + u,,k) (2.4)
where standard index notation is adopted, and
£ = ^/(g"(g)g/) (2.5)
^11
In the above equation (2.4), ukll = -^-pgk are the components of the covariant
derivative of the displacement vector. The constitutive relations, using the 
curvilinear coordinates, are expressed as
= (DiJkli (2.6)
where
σ - σ" (g, ® g7 ) (2.7)
and the components of the elastic rigidity fourth-order tensor have the 
following form for isotropic behavior
6
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(T\tjkm
2(1+v) v ' l-2v
(2.8)
In the above expression, the physical parameters E, v are the Young's modulus and 
the Poisson's radio respectively. These "engineering" constants can be expressed 









The equilibrium equations, using the vector and tensor components in the 
curvilinear coordinates, can be written
div a‘J(g, 0g/) + pbkgk = 0 (2.11)
and in component form
erfJ+pbi= 0 (2.12)
Equilibrium is expressed through the principle of virtual work, considering an 
admissible displacement field <5u. This means that c>u = 0 in Bu, where Bu is the
part of boundary B where kinematic boundary conditions exist. The principle of 
virtual work, is expressed as
Jff'(Vc>u)ifF = | t-dudBy (2.13)
V B,
and with contravariant components
J a,J5u:/j dV - J tk5ukdBq (2.14)
* ^
7
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:29:02 EET - 137.108.70.7
where V and Bt/ are the volume and boundary surface of the body, respectively, σ''
are the contravariant components of the true stress with respect to the basis 
g, ®g;, t is the traction vector on the boundary and 5uu are the covariant




2.2 Finite element discretization
The numerical technique applied in this study relies on the principle of virtual 
work. Using Galerkin's approximation method through appropriate shape functions 
Njt the incremental displacement field can be written as
u = [iV]XJ (2.16)
in which [N] is the interpolation matrix that contains shape functions Nt and ϋ 
contains the nodal degrees of freedom (e.g. displacements and rotations). According 
to the standard Galerkin method the same functions are also used for discretizing 
the virtual displacements, so that
Λι = [Λ7]<5ϋ (2.17)
The covariant differentiation of equations (2.16) and (2.17) results in:
grad(u) = {uk/l} =[Β]ϋ (2.18)
grad(Su) = {Sul/l} = [B]StJ (2.19)
where [B] contains the derivatives of the elements of the interpolation matrix.
Furthermore, the traction component normal to any shell lamina is imposed to be 
zero, following classical shell theory. The unit vector normal to the lamina, in the
8
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current configuration is g3/||g3||. Therefore the track in component normal to the 
lamina is (og3)g3, and this leads to σ33=0.
On account of the symmetry of the stress, and because σ33 = 0, a 5-element column 
vector of stress components σ° is conidered as
(2.20)
,23




Furthermore from equation (2.2), a 5x5 constitutive matrix [(D]can be written. On
the basis of the symmetry of the components Dupq, it can be shown that [®] is a
symmetric matrix. The covariant derivatives of displacement components can be 





A 5x9 matrix [w] containing these components is also introduced, so that
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(2.23)[W]
1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 0 0 0 1 0 1 0
0 0 1 0 0 0 1 0 0
expressing equation (2.4). Therefore, the equilibrium equations of the element 
assemblage corresponding to the nodal point displacements are
[Κ]ύ = Γ (2.24)
where [K] is the incremental stiffness matrix
[K] = j[B]T[W]T[®][W][B]JF0 (2.25)
K
and F is the load vector.
After assembling the stiffness matrices and load vectors of all elements, using 
the above relations, the system of equations for the displacements U is solved and 
the state of stress and strain are obtained.
2.3 "Tube element” description
The linear "tube element" is presented in this section, which is employed for 
simulating the behavior of elbows subjected to bending within the plane of the 
elbow. This element combines longitudinal (beam-type) with cross-sectional 
deformation (ovalization) in an efficient manner. The geometry and displacements 
are interpolated using polynomials in the longitudinal direction while Fourier series 
expansions are used at each nodal cross section. A Cartesian coordinate system is 
used, where the x3-axis is in the longitudinal direction. Symmetry of the tube is 
assumed with respect to the X2-X3 plane, and therefore, the position and orientation 
of the cross section at each node (k) is defined through three nodal degrees of 
freedom, two translational (uf] and u\k) in the direction of x2 and x3 axes
10
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:29:02 EET - 137.108.70.7
respectively) and one rotational [θ^ about Χχ axis). Figure 1 shows the 3-node 
version of the tube element.
The deformed tube axis is defined by
NNE
ΧΙ(ζ) = £Ν|ι>(ς)χ<1) (2.26)
k=l
where \{k) is the position vector of node (k), Ν(|<>(ζ) is the corresponding Lagrangian 
interpolation function and NNE is the number of nodes per element. In the present 
work three versions of this element family are considered, with two, three and four 
nodes (NNE=2, 3, 4). The corresponding Lagrangian functions for each tube element 
type (2-node, 3-node, 4-node), are linear, quadratic or cubic polynomials.
three-node
“tube” element (node 2)
Figure 1: A three-node tube element and deformation parameters; x2 -x3 is the 
plane of bending.
To describe cross-sectional deformation, thickness is assumed to be constant 
and a reference line is chosen within the cross-section.
11
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plane
of bending
Figure 2: Cross-sectional ovalization (in-plane) deformation parameters.
Two types of cross-sectional deformation exist, in-plane deformation 
(ovalization) and out-of-plane (warping). For in-plane deformation, fibers initially 
normal to the reference line remain normal to the reference line.
Figure 3: Cross-sectional warping (out-of-plane) deformation parameters.
12
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The position of the reference line at the cross-section with the respect to node
(k) is
r(>) = xr(9)e(xk) + yr(0)e(yk) +zr(0)exk) (2.27)
where xr, yr and zr are reference line coordinates with respect to the local cross- 
section axes. The outward unit vector n(k>(<9), normal to the reference line can be 










The position vector of an arbitrary point at the initial configuration is
NNE
Χ(θ,ζ,ρ) = X [(x(t> + if>(0) + ρ^\θ))Ν«\ζ)] (2.30)
k=1 L
where r0(i) is the position of the reference line in the initial configuration
r'l|(9) = χ;(θ)«;ι> + yjiejef» +z;(9)e« (2.31)
with components
x°r (Θ) = r cos Θ
yr°(6>) = rsin<9 (2.32)
•z“(0) = O
and is the outward normal unit vector in the initial configuration, with
components
n° = cos Θx /n m\
13
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Differentiating the position vector with respect to the local coordinates of the 
position vector as follows




§2 — 8ζ — — 2^1
°h k=\
(x‘*> + rf(0) + pn<V)) NW(C)άζ
*.=*.=§=S[K,w)w<‘,«')]
The displacement of the relative position of the reference line is
Axr = (cos$)w + (-sin6l)v 






where w , v are the radial and tangential displacement of the reference line at a 
certain node (k); and u is the out-of-plane warping displacement. Furthermore, the 
change of the outward in-plane normal vector due to cross-sectional deformation is
=nx~ nx =







where prime ()' denotes differentiation with respect to #.
Therefore, the displacement vector of an arbitrary point in the elbow can be 
written as follows
NNE
«(#, ζ> P) = X [(u1*1 + (Δχ, + pAnx )e[k) + (Ayr + pAn )e(i)
m (2.39)
+ (yr + pny)0{k)e[k) +(u + pr)e[k))Nw(,ζ)\
Furthermore, for the purposes of applying equation (2.4) differentiation of the 
displacement vector u is conducted as follows
14
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= Σ [ + ΡΜχ)*™ + (Ay'r + PAn'y )C(*)y
K = \
















= ^ Anx e(k) + Anye(k) +ny0e[k) + (2.42)
x = i
Finally, the displacements wf#), v(0), w(<9) and the out-of-plane (warping) rotation 
^((9) at each cross-section are discretized using the trigonometric functions:
w(0) = ao + a, sin#+ ^ a„cos ηθ+ ^ ansinw#
n=2,4,6,... #i=3,5,7 
v($) = -a, sin# + ^ Z>„sin«# + ^ bn cosnO
_ ”"'4'6' ^ -3’5·7.. (2.43)
u(0) = cncos«d? + 2j c„sin«0
«-2,4,6,... «=3,5,7....
r(^) = r0+ Σ r„cos«<9+ /„sinw<9
n=2,4,6,... #i=l, 3,5,7 
which are symmetric with respect to the (-τχ/2<θ<τι/2) line. Coefficients an, bn refer 
to in-plane cross-sectional deformation ("ovalization" parameters) and cn, γη refer 
to out-of-plane cross-sectional deformation ("warping" parameters). In the above 
expressions, symmetry with respect to the X2-X3 plane is considered because of in­
plane bending and only half of the tube is analyzed (-π/2<θ<π/2).
Coefficients a„, bn, cn, γη are degrees of freedom at each node (k), in addition 
to the two displacement u(k), u\k) and the rotation 0(k). For every element, the 
column vector U contains the degrees of freedom is defined as
15
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{ύ}=[- u<k) u;k) θ\(k) »(k) ... b(k) ··· r;(k) ,00
and the matrices [jV] and [B] are readily defined.
(2.44)
16
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:29:02 EET - 137.108.70.7
Chapter 3
Benchmark Numerical Results
Numerical results are obtained for the stress and deformation of curved tubes, 
under bending loads are conducted. For each element of the proposed "tube 
element family" (2-node, 3-node, 4-node), a series of studies are conducted in order 
to determine its optimum behavior. The basic issues examined are the optimum 
number of cross-sectional parameters and the corresponding number of integration 
points in the three directions. Several benchmark problems are considered towards 
this purpose, and comparisons analytical solutions are conducted, in terms of the 
pipe deformation and stresses.
3.1 Single - element tests
Different elements from the tube element family (2-node, 3-node and 4-node) 
are implemented, and a series of studies in elastic curved pipe segments are 
examined under bending, in order to determine their optimum behavior.
In-plane behavior of elastic curved pipe segments is examined. The numerical 
results are compared with analytical solution developed through a simple energy 
formulation to describe the ovalization (two-dimensional) behavior of elastic elbows. 
This solution, briefly described in the Appendix, has been presented by Rodabaugh
and George (1957), and constitutes a generalization of the classical Von Karman
17
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solution for non-pressurized pipe elbows (Von Karman, 1911). In this formulation, 
assuming uniform cross-sectional deformation along the elbow axis, the total 
potential energy of the bend elbow is expressed in terms of the radial and the 
tangential displacements, denoted w, v respectively. Those displacements are 
discretized through series of doubly-symmetric trigonometric functions. Solution is 
obtained by minimization of the potential energy, and is expressed in terms of the 
flexibility factor, which expresses the ratio of elbow flexibility over the flexibility of a 
straight pipe of equal length and of the same cross-section. Furthermore, the 
longitudinal and hoop stresses, the normalized curvature κ and the ovalization of 
the cross-section are also computed.
An infinitely long curved pipe is considered under bending. Under such 
conditions uniform deformation and stress exist along the pipe allowing for a two- 
dimensional analysis. To conduct a two-dimensional (ovalization) analysis, a slice is 
considered. The slice is very small in the longitudinal direction. The response of 
initially curved segment (Figure 4) is analyzed for elements with different number of 
nodes (2 nodes-3nodes-4nodes) in the element. Subsequently, a parametric study is 
conducted to investigate the response of slice (2 degrees) in terms of the order of 
Fourier expansion. The outside diameter is 165 mm and the thickness is 3 mm, and R 
is equal to 480 mm. A bending moment is equal to 10 kN-m and, the Young's 
modulus and Poisson's ratio are E=210 GPa and v=0.3 respectively. The elbow 
geometry can be expressed in terms of the dimensionless elbow parameter λ, 
defined
λ = (3.1)
which is equal to 0.23 for our case. The ovalization of elbow cross-section is 
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where Dh and Dv are the deformed lengths of the horizontal diameter (normal to 
the plane of bending) and of the vertical diameter (on the plane of bending) and Dm 





where Δα is the relative rotation between the ends of the curved pipe segment and 
L = Ra (Figure 4) and is normalized by the curvature-like parameter
kN =t/(r2J \-v2), so that K = k/kN.
Figure 4: Configuration of elbow "slice" used for the parametric study.
This two-dimensional analysis is conducted with only one "tube element" in 
the longitudinal direction, using appropriate "symmetry" conditions at the two ends, 
which enforce all cross-sections to exhibit the same deformation without warping. 
Trigonometric functions up to 10th degree are considered for this analysis. The 
numbers of integration points in the three directions are the optimum for the 
computations, an issue to be determined in a later paragraph of the present chapter.
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A first study concerns the determination of the number of Fourier coefficients 
for the ovalization an, bn parameters, necessary for obtaining accurate results. Note 
that warping cn, γη are not activated in the present analysis. The ovalization of the 
slice is presented for 2-node "tube element" in Table 1. Similarly, tables 2 and 3 
present the ovalization of the elbow using the 3-node and the 4-node "tube 
element" respectively. Since the behavior is purely cross-sectional (two- 
dimensional), all elements exhibit similar behavior.






Table 1: Ovalization of slice; comparison of analytical solution with numerical results, 
for 2- node "tube element".






Table 2: Ovalization of slice; comparison of analytical solution with numerical results, 
for 3-node "tube element".
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Table 3: Ovalization of slice; comparison of analytical solution with numerical results, 
for 4-node "tube element".
Convergence of the results is verified by increasing the number of terms in the 
trigonometric series until the required accuracy was achieved. The results show that 
an 8th degree expansion is necessary to provide satisfactory convergence. In those 
analyses, equally-spaced integration points are used (trapezoidal rule). The optimum 
number of integration points is examined below.
For the evaluation of the element stiffness matrix and force vector that 
corresponds to the current element stresses numerical integration is used. An 
important consideration is the minimum number of integration points required for 
the evaluation of the integral in equation (2.24). A parametric study is conducted to 
determine the number of integration points around the half-circumference that are 
necessary for this analysis. Linear interpolation is assumed in the radial direction 
(through the thickness) and, therefore, for the case of elastic behavior, exact 
integration requires two integration points. Finally, the number of integration points 
in the longitudinal direction is inconsequential because of the two-dimensional 
nature of the problem. The ovalization of the cross-section is presented for 2-node 
"tube element" in Table 4. Similarly, Table 5 and Table 6 present the ovalization of 
the slice for 3-node and 4-node "tube element" respectively.
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Table 4: Ovalization of slice; comparison of analytical solution with numerical results, 
for 2-node "tube element" and trigonometric expansions 8th degree.










Table 5: Ovalization of slice; comparison of analytical solution with numerical results, 
for 3-node "tube element" and trigonometric expansions 8th degree.
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Table 6: Ovalization of slice; comparison of analytical solution with numerical results, 
for 4-node "tube element" and trigonometric expansions 8th degree.
The results show that 9 equidistant points around the half-circumference, i.e. 
17 points around the entire circumference, are necessary for "exact" integration. 
Suppose that trigonometric expansions up to degree n are used. This means that the 
stiffness matrix will contain terms up to degree 2n. Therefore, for elastic response, it 
can be shown from numerical analysis (Davis & Rabinowitz, 1984) that 2n+l equally 
spaced integration points around the full circumference are necessary. It is noted 
that only half-circumference is analyzed because of the symmetry of cross-sectional 
deformation. In our case, Fourier series expansion of eighth degree is used. 
Consequently, the corresponding optimum number of integration points around 
entire circumference is 17 points, which make 9 points around the half­
circumference. The numerical results verify that nine integration points around the 
half-circumference with provide very good results.
Finally, the stresses calculated from this finite element analysis are compared 
with the analytical solutions described in the Appendix, assuming linear elastic 
solution.
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Angle around the half-circumference (degrees)
Figure 5: Variation of longitudinal stress at external elbow wall; comparison of analytical 
solution with numerical results
Angle around the half-circumference (degrees)
Figure 6: Variation of longitudinal stress at internal elbow wall; comparison of analytical 
solution with numerical results
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Angle around the half-circumference (degrees)
Figure 7: Variation of hoop stress at external elbow wall; comparison of analytical 
solution with numerical results
Figure 8: Variation of hoop stress at internal elbow wall; comparison of analytical 
solution with numerical results
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The comparison is shown in Figure 5 and Figure 6 for the longitudinal stress 
around the elbow cross-section at external and internal elbow wall respectively. The 
maximum longitudinal stress is considerably higher than the maximum stress of a 
straight pipe with the same cross-section, and does not occur at the top or the 
bottom of the cross-section. The cross-sectional ovalization of the cross-section is 
mainly responsible for this behavior. Figure 7 and Figure 8 depict the hoop stress 
around the elbow cross-section at external and internal elbow wall respectively. It is 
interesting to note that the maximum circumferential stress is higher than the 
maximum longitudinal stress. It is noted that only half-circumference is analyzed 
because of the symmetry of cross-sectional deformation and the number of 
integration points are 9 around the half-circumference.
In general, the analytical and numerical results are in adequate agreement. The 
fact that the numerical and the analytical results do not agree precisely is due to that 
the numerical results are based in three-dimensional analysis in contrast with 
analytical results which are based in two-dimensional analysis. Also in the analytical 
solution, the radial and tangential displacements are discretized through series of 
doubly-symmetric trigonometric functions.
3.2 Element tests in a 90deg elbow
A parametric study is also conducted to investigate the response of a free 
standing 90 deg elbow under in-plane bending. The response of this initially curved 
tube (Figure 9) is analyzed with element of different number of nodes (2, 3 or 4). 
Similarly with the pipe considered in the previous analysis, the outside diameter is 
165 mm, the thickness is 3 mm, and R/r ratio equal to 5.92. The applied bending 
moment is equal to 10 kN-m and, the material is steel with Young's modulus and 
Poisson's ratio are E=210 GPa and v=0.3 respectively. The elbow geometry is 
expressed in terms of the dimensionless elbow parameter λ.
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Figure 9: Pipe elbow geometry
Table 7 shows the normalized curvature and ovalization of the elbow, for 
parameter λ is equal to 0.23. The number of Fourier series expansion is eighth 
degree and the number of integration points is 9 points around the half­
circumference, 1, 2 and 3 points for 2, 3 and 4 node "tube element" respectively, in 
the longitudinal direction and 3 points in the radial direction. The response of elbow 
is presented for the two-node "tube element" and parametric analysis is conducted 
for different number of elements, which are used to model the curved tube.
Normalized curvature κ Ovalization
1 element 0.036321 0.007348
2 elements 0.110024 0.029292
3 elements 0.135512 0.037101
4 elements 0.141166 0.038869
5 elements 0.142724 0.039366
10 elements 0.143600 0.039664
20 elements 0.143595 0.039671
100 elements 0.143575 0.039667
Analytical solution 0.143988 0.039820
Table 7: Normalized curvature and ovalization of elbow; comparison of analytical solution
with numerical results, for 2-node "tube element"
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Similarly, in tables 8 and 9 the normalized curvature κ and ovalization of the
elbow for 3-node and 4-node "tube element" are presented respectively.
Normalized curvature κ Ovalization
1 element 0.143247 0.143247
2 elements 0.143561 0.039664
3 elements 0.143571 0.039666
4 elements 0.143573 0.039667
5 elements 0.143574 0.039667
10 elements 0.143574 0.039667
20 elements 0.143574 0.039667
Analytical solution 0.143988 0.039820
Table 8: Normalized curvature and ovalization of elbow; comparison of analytical solution 
with numerical results, for 3-node "tube element"
Normalized curvature κ Ovalization
1 element 0.143546 0.039647
2 elements 0.143576 0.039671
3 elements 0.143576 0.039669
4 elements 0.143575 0.039668
5 elements 0.143575 0.039668
10 elements 0.143574 0.039667
20 elements 0.143574 0.039667
Analytical solution 0.143988 0.039820
Table 9: Normalized curvature and ovalization of elbow; comparison of analytical solution
with numerical results, for 4-node "tube element"
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The numerical results show that for the 2-node "tube element", at least 10 
elements are needed for having convergence of solution. The convergence of 
solution for 3-node "tube element" is becoming with 5 elements and for 4-node 
"tube element", 2 elements are enough. This is due to linear, quadratic or cubic 
polynomials which are used to the corresponding Lagrangian functions for each tube 
element type (2-node, 3-node, 4-node). The fact that the numerical and the 
analytical results do not agree precisely is due to the three-dimensional analysis of 
the numerical results in contrast with analytical results which are based in two- 
dimensional analysis.
Finally, it is noted that reduced integration is used in the longitudinal direction, 
i.e. 1, 2 and 3 points for 2, 3 and 4 node "tube element" respectively. The reason for 
using reduced integration is that the elements display much too stiff a behavior, for 
full integration in the longitudinal direction, i.e. 2, 3 and 4 points for 2, 3 and 4 node 
"tube element" respectively.
3.3 Element tests on an industrial piping component
The element tests clearly indicate the particular behavior of curved pipe, 
assuming elastic behavior and constant curvature along the pipe. However, in real 
industrial applications, elbows are connected to straight pipe segments, resulting in 
a variation of deformation along the elbow. In this paragraph, a parametric study is 
described aimed at investigating the bending response of a 90 deg elbow and two 
straight parts of length equal to six pipe diameters (990 mm) under in-plane bending 
(Figure 10). Only half of specimen is considered (A-F), with symmetry conditions in 
section F (Figure 10). The opportune boundary conditions are applied in end-section 
A, which is considered, undeformed. Moment is applied at the end section A. A total 
of 24 tube elements are used, with 8th degree expansion.
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Esection A
Figure 10: Specimen geometry
Comparison Normalized curvature κ Ovalization
2-node "tube element" 0.131995 0.041498
3-node"tube element" 0.132123 0.041539
4-node"tube element" 0.132121 0.041539
shell element - Abaqus 0.138228 0.041683
Analytical solution 0.143988 0.039820
Table 10: Normalized curvature and ovalization of elbow; comparison between 
analytical and numerical results
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In Table 10 shows the comparison between the numerical results for 2, 3 and 
4 node "tube element" and the analytical results. Also, the results of analysis with 




where cpCE is the relative rotation between the cross-sections C and E, the ends of
π
the curved pipe segment (Table 10) and L = R— (because of 90 deg elbow) and is
normalized by the curvature-like parameter kN =t/(r2Vl-v2), so that K~k/kN. 
Due to symmetry with respect to middle section F, φαΕ = φΕ. The rotation of a cross- 
section is determined from the value of the rotational DOF of the corresponding 
tube element node. The ovalization of elbow is expressed in terms of the ovalization 
parameter (equation 3.2), where Dh and Dv are the deformed lengths of the 
horizontal diameter (normal to the plane of bending) and of the vertical diameter 
(on the plane of bending) in section F.
Furthermore, this specimen is analyzed with shell elements (type S4R) of 
Abaqus. The rotation of cross-section E is calculated from the relative displacements 
of two nodes on this section, similarly the rotation of cross-section C is calculated 
from the respectively relative displacements of two nodes on that section. The 
relative rotation between the cross-sections C and E is the sum of these rotations.
The analytical solution is based in two-dimensional analysis, so the differences 
in the comparison between the numerical results and the analytical results are 
expected. Also, the differences in the results are attributed to the adjacent straight 
parts.
Finally, Figures 11, 12 and 13 show the variation of ovalization along the pipe 
length, for 2, 3 and 4 node "tube element". The curved pipe is divided in three parts, 
the first part is the straight pipe, the second part is the 40 deg part from E section
and the third part is 5 degrees from F section. For the analysis, 5, 10 and 20 tube
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elements are used. Especially, for the analysis with 5 elements, 2 elements are used 
in first part, 2 in the second and 1 in the last part of elbow pipe. Respectively for the 
analysis with 10 elements, 2-4-4 elements are used in each part and for analysis with 
20 elements 6-7-7 elements are used in each part respectively. The maximum 
ovalization is in section F, and in the straight parts of tube the ovalization is equal to 
zero.
Figure 11: Variation of ovalization along the pipe length; for 2- node "tube element"
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Sections B C F E A
Figure 12: Variation of ovalization along the pipe length; for 3- node "tube element"
Figure 13: Variation of ovalization along the pipe length; for 4- node "tube element"
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Chapter 4
Numerical Results - Comparison with Experiments
In this chapter, numerical results for relatively elastic elbows are obtained, and 
compared with experimental data, conducted at TNO, the Netherlands. The work is 
based on simulation of elastic elbows with "tube elements", presented and tested in 
previous chapters. A part from comparing our numerical results with test data, the 
present study is aimed at elucidating some interesting parts of elbow mechanical 
behavior.
The numerical results are compared with experimental measurements from a 
30 deg and 60 deg steel elbows under in-plane bending (Figure 14). The test 
specimens consisted of moderately thin-walled elbows (0160-2.9 mm, D/t=55) and 
thin-walled elbows (0261-2.9 mm, D/t=90). Each specimen consisted of a curved 
middle part connected to two straight parts; the length of each straight part is equal 
to 1200 mm, and a curved part, corresponding to an angle of 30 deg or 60 deg. The 
straight parts of the pipe had the same outer diameter and a slightly different 
thickness (3 mm). Young's modulus and Poisson's ratio are E=210 GPa and v=0.3 
respectively.
In our simulation, only half of each specimen is considered (A-F), with 
symmetry conditions in section F. End section A is considered underformed, free to 
move horizontally, but restrained in the vertical direction. Moment is applied at the 
end section A. the results focus on the relative rotation <j)CE between cross-section C 
and E, the ends of the curved pipe segment , as well as the cross-sectional 
ovalization in section F.
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Figure 14: Specimen geometry
4.1 Comparison with TNO experimental results
A series of steel elbow experiments were conducted in TNO (Gresnigt et al. 
1985), which were aimed at examining the response of elbows (R/r=6) under in­
plane bending (opening and closing end moments). Those tests are used for 
comparison with numerical results in the present work.
Specimen No. D (mm) t (mm) R (mm) Angle a (deg) Bending type
70 160 2.9 480 30 closing
71 160 2.9 480 30 opening
72 160 2.9 480 30 closing
73 160 2.9 480 30 opening
81 261 2.9 772 60 closing
82 261 2.9 772 60 opening
83 261 2.9 772 60 closing
84 261 2.9 772 60 opening
Table 11: Elbow specimens tested at TNO
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Each specimen was tested under in-plane bending (opening and closing 
bending moments were considered) (table 11). Bending moment is plotted in terms 
of the relative rotation 4>Ce between cross-sections C and E, the ends of the curved 
pipe segment (Figure 14). Obviously, due to linear analysis, the moment -rotation 
curve is a straight line. Due to symmetry with respect to the middle section F, 4>Ce=2 
φο Figures 15 and 16 show the comparison of the experimental moment-rotation 
(Μ-φοε) curves with the corresponding numerical results for relatively-thick-walled 
specimens 70 and 71. In specimens 70 and 71, there is a considerable difference 
between the experimental data and the numerical results.
Figure 15: Moment-rotation paths for specimen 70; comparison between test data 
and numerical results.
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Figure 16: Moment-rotation paths for specimen 71; comparison between test data 
and numerical results
Furthermore, Figure 17 and Figure 18 show the comparison of the 
experimental moment-rotation (Μ-φοε) curves with the corresponding numerical 
results for specimens 72 and 73. The comparison with specimen 72 is very good, but 
there is a rather poor comparison with specimen 73.
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Figure 17: Moment-rotation paths for specimen 72; comparison between test data 
and numerical results
<1>ce (rad)
Figure 18: Moment-rotation paths for specimen 73; comparison between test data
and numerical results
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Figure 21 to Figure 24 show the comparison of the experimental moment- 
rotation (Μ-Φοε) curves with the corresponding numerical results for specimens 81, 
82, 83 and 84. In specimens 81 and 82, there is a considerable difference between 
the experimental data and the numerical results. This difference is less pronounced 
in specimens 83 and 84.
To explain this difference, it is important to point out that the rotation of a 
cross-section is defined in experiments differently than in tube element analysis. 
Experimentally, it is measured through the rotation of the steel frames attached to 
the elbow at the mid-height of the cross-section (Figure 19, Figure 20). In the tube 
element analysis, the rotation of the cross-section is determined from the value of 
the rotational DOF of the corresponding tube element node.
In this point, note that specimens 70 and 71 have a small curved part, so that 
the pipe cross-section exhibits significant warping at C. This effect is alleviated in 
specimens 72 and 73, because the curved pipe portion is significantly longer. In other 
words, section C of specimens 72 and 73, exhibits less warping deformation and this 
accounts for the fairly good comparison between experimental and numerical values 
of initial stiffness. Similarly, the specimens 81 and 82 have smaller curved part than 
the specimens 83 and 84, so the difference is less pronounced in specimens 83 and 
84.
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Figure 19: Experimental set-up for specimens, tested at TNO
Figure 20: Devises for measuring rotations and ovalization in specimens
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Figure 21: Moment-rotation paths for specimen 81; comparison between test data 
and numerical results
4>ce (rad)
Figure 22: Moment-rotation paths for specimen 82; comparison between test
data and numerical results
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4>ce (rad)
Figure 23: Moment-rotation paths for specimen 83; comparison between test data 
and numerical results
Figure 24: Moment-rotation paths for specimen 84; comparison between test data
and numerical results
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Chapter 5
Conclusions
A linear finite element, referred to as a "tube element", was developed for the 
purposes of this research. The present work was motivated by the desire for 
optimum behavior of the proposed "tube element family" (2-node, 3-node, 4-node). 
Several benchmark problems were considered towards this purpose. The basic issues 
examined were the optimum number of the cross-sectional parameters and the 
corresponding number of integration points in the three directions. Comparisons 
were made with the analytical solution, in terms of pipe deformations and stresses.
In the final part of this study, the numerical technique was employed to 
analyze 30 deg and 60 deg steel elbows under in-plane bending. The numerical 
results were compared with experimental data, conducted at TNO. The work was 
based on simulation of elastic elbows with "tube element".
The present study was aimed at providing optimum behavior of the proposed 
"tube element family" (2-node, 3-node, 4-node). However, further numerical results 
are necessary in the area of elbows in the presence pressure and under out-of-plane 
bending.
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Appendix
Analytical Linear Solution
A simplified variational formulation has been proposed by Rodabaugh & 
George (1957) for the analysis of pressurized pipe linear elastic elbows under 
bending, in the presence of pressure. This formulation is presented briefly for the 
sake of completeness, and is based on the minimization of total potential energy, 
which equal to
Π= (UL+Uc)-U2-M-k (1.1)
The strain energy is the sum of the longitudinal strain energy UL and the hoop 
strain energy Uc. Expressing the longitudinal and the hoop strain are expressed in 
terms of the radial and tangential displacements of the cross-section
1 (Δα .







------- 3~ ----------άφ άφ ζ
(1.3)
where a and Δα are the elbow angle and change of elbow angle respectively, the 
longitudinal strain energy and the hoop strain energy can be written as follows
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A Galerkin discretization of the displacements is assumed in terms of doubly- 
symmetric trigonometric functions
oo
ν = Σαη sin2w0> (1.6)
n=1
00
w = -Y 2an cos 2ntp
n=1
(1.7)
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Furthermore, the work conducted by the pressure should be considered. This is 
equal to the product of pressure and the change of area enclosed by the pipe cross- 
section (u2 = ρδα)■ It can be shown that, using the discretization expressed in 
equations, the following expression is obtained:
U2 =-2πΡΣη2(4η2 -1 )an2 (1.9)
n=\
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Therefore, the total potential energy is expressed as follows:
Π = Etrn Γ
2 R2
\Γη2 + 2νηa, + ~ax2 + -Σ[a„(1 -2nf -2anan+l (2n -l)(2w + 3) 
[ 4 4 „=1 L-




where η=Δα/α. Minimization of the above expression in terms of a:, results in a 
system of linear equations in terms of a,, which can be readily solved. Upon 
calculation of the solution, η=Δα/α is calculated as follows:
MR
El
1+3 </, +lrf,2 +M[d„(l-2n)1-2d„d,tl(2n-\)(2n + 3)
4 4 n=1
+dj(2n + 3)2]+yjl8"’ "2")2 + Vi<4"! " >K2
..,(1.11)
n=l 1





The flexibility factor for curved pipe is expressed as follows
k = - (1.13)
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(1.15)
t f CO oo
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